Abstract. In this article, we show that a framed vertex operator algebra V satisfying the conditions: (1) V is holomorphic (i.e, V is the only irreducible V -module); (2) V is of rank 24; and (3) V 1 = 0; is isomorphic to the moonshine vertex operator algebra V ♮ constructed by Frenkel-Lepowsky-Meurman [12] .
Introduction
The moonshine vertex operator algebra V ♮ constructed by Frenkel-Lepowsky-Meurman [12] is one of the most important examples of vertex operator algebra (VOA). In the introduction of their book [12] , Frenkel, Lepowsky and Meurman conjectured that V ♮ can be characterized by the following three conditions:
(1) the VOA V ♮ is the only irreducible ordinary module for itself;
(2) the rank (or central charge) of V ♮ is 24;
While conditions (2) and (3) are clear from the construction, condition (1) was proved by Dong [1] using the 48 mutually commuting Virasoro elements of central charge 1/2 discovered in [11] . The discovery of the 48 commuting Virasoro algebras inside V ♮ also inspired the study of framed vertex operator algebras [2, 18] . In fact, a lot of progress have been made on the study of the moonshine VOA using the 48 commuting Virasoro algebras [2, 13, 14, 16, 19] . In this article, we shall prove a weak version of FLM conjecture by adding an extra assumption that V contains 48 mutually commuting Virasoro elements of central charge 1/2 (i.e., V is a framed VOA). FLM's construction [12] of the moonshine VOA V ♮ is the first mathematical example of the so-called Z 2 -orbifold construction and it is closely related to the lattice VOA associated with the Leech lattice. Let Λ be the Leech lattice and V Λ the lattice associated with Λ.
As shown in [12] , we can extend the −1 map on Λ to an automorphism θ of V Λ by This automorphism t belongs to the 2B conjugacy class of the Monster group and the top weight of the unique irreducible t-twisted module over V ♮ is 1 [13, 14] . By performing the t-orbifold construction on V ♮ , one can recover the Leech lattice VOA V Λ [13, 14, 16] .
Our main strategy is to reverse the above construction and try to obtain the Leech lattice VOA V Λ by using the Z 2 -orbifold construction on V . The key point is that for any framed VOA V , one can easily define some involutions on V by using the frame structure.
Such kind of involutions are often called τ -involutions or Miyamoto involutions (cf. [17] ).
If V 1 = 0, we can define an involution τ on V such that the top weight of the irreducible τ -twisted module V T is 1. Then by performing τ -orbifold construction on V , we obtain a VOA
where V τ and (V T ) τ are the fixed point subspaces of τ in V and V T respectively.
We shall show that the weight one subspace V (τ ) 1 of V (τ ) is nontrivial and the Lie algebra structure on V (τ ) 1 is abelian. Hence, by a result of Dong and Mason [9, Theorem 3], V (τ ) is isomorphic to the Leech lattice VOA V Λ . Therefore, by reversing the orbifold construction on V (τ ), we obtain that
It is well-known that there exists a unique simple vertex operator algebra structure on [8, 13] ) and thus we conclude that V and V ♮ are isomorphic simple vertex operator algebras.
Another uniqueness result of the moonshine VOA V ♮ is also obtained in [ 
Framed vertex operator algebra
First we shall recall the definition of framed vertex operator algebras and review several important results [2, 16, 18, 19, 20] . Let (V, ω) be a framed VOA with a frame F . We denote by Vir(e i ) the Virasoro subVOA generated by e i . Then
where m h 1 ,...,hn ∈ N denotes the multiplicity. 
It is shown in Dong et al. [11] that
is a subalgebra of V and the multiplicity m h 1 ,··· ,hn ≤ 1 for h i ∈ {0, 1/2}. Thus we obtain another linear code
The VOA V 0 is often called the code vertex operator algebra associated with the code C and denoted by M C . Note that the VOA structure of V 0 is uniquely determined by the
Summarizing, there exists a pair of even linear codes (C, D) such that V is an D-graded extension of a code VOA M C associated to C. We call the pair (C, D) the structure codes of a framed VOA V associated with the frame F . Since the powers of z in an Let V be a framed VOA with the structure codes (C, D), i.e., V = ⊕ α∈D V α , and
For a binary codeword β ∈ Z n 2 , we define a linear map τ β : V → V by
By the fusion rules, it is easy to show that τ β is an automorphism of V (cf. [17] ). This automorphism is often called a τ -involution (or Miyamoto involution). Let P = {τ β | β ∈ Z n 2 } be the subgroup generated by the τ -involutions. Then P ∼ = Z n 2 /D ⊥ and V 0 = V P is the fixed point subalgebra. Thus, all V α , α ∈ D, are irreducible modules over V 0 = M C (cf. [6] ).
Next we shall recall a very important result from [16] . 
Then V (τ δ ) is also a holomorphic framed VOA. Moreover, the structure codes of V (τ δ )
are given by (C, D) if wt δ is odd and
Remark 2.5. The above construction of the holomorphic VOA V (τ δ ) is referred to as a τ δ -orbifold construction of V .
Strongly rational, holomorphic vertex operator algebra
In this section, we shall review some basic facts about strongly rational vertex operator algebra from [8, 9] . Definition 3.1. A VOA V is of CFT-type if the natural Z-grading on V takes the form
V n be a VOA of CFT-type. Then the weight one subspace V 1 carries a structure of a Lie algebra with the bracket
and an invariant bilinear form defined by
Definition 3.3 ([8])
. A vertex operator algebra V is said to be strongly rational if it satisfies the following conditions:
3. V is rational. 
Uniqueness of the moonshine vertex operator algebra
Let V be a holomorphic framed VOA of rank 24 such that V 1 = 0. We shall prove that V is isomorphic to the moonshine VOA V ♮ by using the theorem of Dong-Mason (cf.
Theorem 3.5). First let C and D be the structure codes of V . That means
Since V 1 = 0, the code C contains no element of weight 2. Now let δ = (110 . . . 0). Then δ / ∈ C = D ⊥ and hence the automorphism τ δ defines a (nontrivial) involution on V and the fixed point subVOA is given by
Now define the τ δ -orbifold construction of V by
is a holomorphic framed VOA of rank 24 and the structure codes of V (τ δ ) is given by (C, D 0 ), whereC is the binary code generated by C and δ.
Remark 4.1. One can define an involution g on V (τ δ ) as follows:
Moreover, the fixed point subalgebra
Proposition 4.2. V (τ δ ) 1 = 0 and the Lie algebra on V (τ δ ) 1 is abelian. As a consequence,
Proof. Since M δ+C ⊂ V (τ δ ) and wt δ = 2, we have V (τ δ ) 1 = 0. Now let g be the involution on V (τ δ ) defined in Remark 4.1. Denote by V (τ δ ) + and V (τ δ ) − the fixed point subspace and the −1-eigenspace of g on V (τ δ ), respectively. Since
− and thus
Therefore, the Lie algebra V (τ δ ) 1 is abelian, and hence V (τ δ ) is isomorphic to the Leech lattice VOA V Λ by Theorem 3.5. 
